Abstract. Compact Hermitian surfaces of constant antiholomorphic sectional curvatures with respect to the Riemannian curvature tensor and with respect to the Hermitian curvature tensor are considered. It is proved: a compact Hermitian surface of constant antiholomorphic Riemannian sectional curvatures is a self-dual Kaehler surface; a compact Hermitian surface of constant antiholomorphic Hermitian sectional curvatures is either a Kaehler surface of constant (non-zero) holomorphic sectional curvatures or a conformally flat Hermitian surface.
Introduction
The classification of the compact oriented self-dual Einstein Riemannian 4-manifolds is an interesting problem completely solved when the scalar curvature is non-negative (see [13] , [14] ), but it is still open when the scalar curvature is negative. In the complex case, compact Einstein self-dual Hermitian surfaces are described by C. Boyer in [6] .
On a self-dual Hermitian 4-manifold (M, J, g) the vanishing of the J-invariant part of the traceless Ricci tensor is equivalent to the sectional curvatures being pointwise constant on the holomorphic 2-planes (see [16] , [1] ). Thus, in the complex case the notion of pointwise constant holomorphic sectional curvatures can be considered as a generalization of the Einstein self-dual surfaces. Unfortunately there are no compact non-Kaehler examples according to the recent result in [1] (in some particular cases see also [17] , [18] ).
In this note we consider self-dual Hermitian surfaces with vanishing J-antiinvariant part of the Ricci tensor or equivalently, self-dual surfaces with J-invariant Ricci tensor. We show that these conditions are equivalent to the sectional curvatures being pointwise constant on the antiholomorphic (or totally real, or Lagrangian) 2-planes and construct a compact non-Kaehler example. Thus, a Hermitian surface of pointwise constant antiholomorphic sectional curvatures can be considered as a non-trivial generalization of the Einstein self-dual Hermitian surfaces even in the compact case.
We study compact Hermitian surfaces of constant antiholomorphic sectional curvatures which are "a priori" a natural extension of the class of compact Kaehler self-dual surfaces described in [4] , [7] , [15] . We prove the following classification result 
Preliminaries
Let (M, J, g) be a Hermitian surface with complex structure J and compatible Riemannian metric g. The algebra of all C ∞ vector fields on M will be denoted by XM. The Kaehler form Ω on M is defined by Ω(X, Y ) = g(X, JY ); X, Y ∈ XM. With respect to local holomorphic coordinates {z α } (α = 1, 2), we have Ω αβ = − √ −1g αβ . The Lee form ω of the Hermitian structure is defined by ω = δΩ • J or in local holomorphic coordinates ω α = √ −1g βγ dΩ αβγ (summation convention is assumed). It is well known that dΩ = ω ∧ Ω.
We shall consider two connections on M.
The Levi-Civita connection will be denoted by ∇ and the curvature tensor R of type (1, 3) is defined by: R = [∇, ∇] − ∇ [,] . (We shall denote the curvature tensor of type (0, 4) by the same letter.) Further ρ and τ will stand for the Ricci tensor and the scalar curvature, respectively. The * -Ricci tensor ρ * and the corresponding * -scalar curvature τ * are determined by the equalities:
where e 1 , e 2 , e 3 , e 4 is an orthonormal local basis on M.
It is well known that (cf. [12] , [21] )
The Hermitian connection (or the Chern connection) will be denoted by D and K will stand for its curvature tensor.
The relation between the Levi-Civita connection and the Hermitian connection is given by:
Hence, the Hermitian curvature K and the Riemannian curvature R on a Hermitian surface are related by [21] :
where
The Hermitian scalar curvatures u and v are defined by:
where e 1 , e 2 , e 3 , e 4 is an orthonormal local basis on M. By using (2.2) it is easily checked that the scalar curvatures τ , τ * , u and v are related by the following well known formulas (cf. [12] , [21] 
Note also that the conformal scalar curvature κ is given by (cf. [12] , [21] )
As an immediate consequence of (2.2) we obtain that the J-antiinvariant part of the Ricci tensor is given by (cf. [21] )
The Riemannian metric g induces a metric on the bundle Λ 2 of the 2-vectors on M by the equality g(
The curvature operator R can be considered as the symmetric endomorphism of Λ 2 defined by g(R(X ∧Y ), (Z ∧W )) = −R(X, Y, Z, W ). The Hodge star operator defines an endomorphism * :
is the irreducible decomposition of R under the action of SO (4) found by Singer and Thorpe ( [19] ). Note that B and W represent the traceless Ricci tensor and the Weyl conformal tensor respectively. We recall that the manifold is said to be self-dual (anti-self-dual) if W − = 0 (resp. W + = 0)
Denote by χ,p 1 and c 2 1 the Euler characteristic, the first Pontrjagin number and the square of the first Chern class of M, respectively. According to the Chern-Weil theory we have:
Hence, since c 2 1 = 2χ + p 1 (cf. [22] ), we get
Moreover, any compact Hermitian surface satisfies (cf. [5] , [16] 
(Here and henceforth .
2 denotes the tensor norm on Λ 2 ). 
Almost Hermitian manifolds of pointwise constant antiholomorphic sectional curvatures have been studied in [9] , [8] .
When (M, J, g) is a 4-dimensional Hermitian manifold an observation of the referee leads to the following simple characterisation of the antiholomphic 2-planes: a 2-plane E p = span{X, Y } of T p M, p ∈ M, is antiholomorphic (or totally real) if and only if the corresponding 2-vector α p = X ∧ Y is orthogonal to the Kaehler form Ω, i.e. α p is Lagrangian. This is also equivalent to the self-dual part α + of α being J-antiinvariant.
We start with the following local description of the Hermitian surfaces of pointwise constant antiholomorphic sectional curvatures
Proposition 3.1. A Hermitian surface (M, J, g) is of pointwise constant antiholomorphic Riemannian sectional curvature if and only if it is self-dual and has Jinvariant Ricci tensor, i.e. W − = 0 and ρ(J, J) = ρ(, ).
The antiholomorphic sectional curvature µ(p) is given by
Proof. The statement can be proved applying considerations in [9] . Here we give a direct proof. The Hermitian stricture J induces an additional splitting of the components of the curvature operator in (2.6) as follows [20] :
a) The operator B splits into a sum of its J-invariant part B 1 and its J-antiinvariant part B 2 , corresponding to the splitting of the traceless Ricci tensor to the J-invariant and to the J-antiinvariant parts.
b) The positive Weyl tensor W + splits into the following two parts: 
i.e. W + (α, α) does not depend on α. From (3.11) we obtain that R(α, α) does not depend on α if and only if W − (α, α) does not depend on α. Since trW − = 0, the last conclusion implies that W − does not depend on any unit holomorphic 2-plane determined by X, JX. Since JW − = W − , i.e W − has the Keahlerian property, then W − is completely determined by its trace. So W − = 0. Finally, from (3.11) and (3.12) we get R(α, α) = µ = 5τ−3τ * 48 which completes the proof.
Q.E.D.
Further we shall use the following classification theorem for compact self-dual surfaces 
where Q is the vector field dual to the Lee form ω.
Proof of Lemma 3.5 . Applying Weitzenboeck's formula to the 1-forms ω and θ = δΩ we have
By using the formula
as well as Corollary 3.3 we calculate
Substituting (3.16) and (3.17) into (3.14) and taking into account (3.15) we prove the lemma.
Q.E.D.
Lemma 3.6. Let (M, J, g) be a compact Hermitian surface which is locally conformal to a Kaehler-Einstein metric. Then we have
Proof of Lemma 3.6 . The canonical Weyl connection ∇ on (M, J, g) is related to the Levi-Civita connection ∇ by the equality (see [12] , [21] )
Since ∇ preserves the conformal structure, it follows that the Ricci tensor ρ of ∇ is conformally invariant and the conditions of Lemma 3.6 imply ρ = 
Proof of Theorem 1.2. Let (M, J, g) be a Hermitian surface of pointwise constant antiholomorphic Hermitian sectional curvatures. We define the following tensor
which has the same antiholomorphic sectional curvatures as the Hermitian curvature tensor K. Using the well known symmetries of the Hermitian curvature K it is easy to check that the tensor P has the same symmetries as the Riemannian curvature tensor R. Moreover, the defining equality (4.25) of P implies P (J, J, J, J) = P(, , , ). Hence, the Ricci tensor of P is J-invariant. The same arguments as in Proposition 3.1 show that the tensor P has pointwise constant antiholomorphic sectional curvatures ν(p) (and hence K has the same property) if and only if the tensor P is self-dual, i.e. the corresponding half Weyl tensor W 2). The case κ = 0. According to (2.9) the metric g is not locally conformal flat. Then Theorem 3.2 implies that (M, J, g) is conformally equivalent to a Kaehler metric g of constant holomorphic sectional curvatures. According to Lemma 3.7 the metric g has to be a Kaehler metric of constant holomorphic sectional curvatures.
